In the setting of the Heisenberg group H n , we characterize those nonnegative functions w defined on [0, 1] for which the weighted Hardy operator H w is bounded on L p (H n ), 1 ≤ p ≤ ∞, and on BMO(H n ). Meanwhile, the corresponding operator norm in each case is derived. Furthermore, we introduce a type of weighted multilinear Hardy operators and obtain the characterizations of their weights for which the weighted multilinear Hardy operators are bounded on the product of Lebesgue spaces in terms of Heisenberg group. In addition, the corresponding norms are worked out.
Introduction
The history of weighted Hardy operators can be traced back to the end of the th century when Hadamard [] used the idea of fractional differentiation of an analytic function via differentiation of its Taylor series. Corresponding to fractional differentiation, we note that Hadamard dealt with fractional integration in the form of 
Sometimes 
This multiplication is non-commutative. By the definition, we can see that the identity element on H n is  ∈ R n+ , while the reverse element of x is -x. The vector fields
form a natural basis for the Lie algebra of left-invariant vector fields. The only non-trivial commutator relations between those fields are
The Heisenberg group H n is a homogeneous group with dilations
The homogeneous norm is defined by
, where x = (x  , x  , . . . , x n , x n+ ). From this one also can derive the distance function 
For r >  and x ∈ H n , the ball and sphere with center x and radius r on H n are given by
respectively. The Haar measure on H n coincides with the Lebesgue measure on R n × R. We denote by |E| the measure of any measurable set E ⊂ H n . Then
where Q = n +  is called the homogeneous dimension of H n . We have
where
is the volume of the unit ball
For more details as regards the Heisenberg group one can refer to [] .
We define the weighted Hardy operators H w on H n as
Recall that the space BMO(H n ) is defined to be the space of all locally integrable func-
where the supremum is taken over all balls in
In Section , we will characterize the nonnegative functions ω defined on [, ] for which the weighted Hardy operator H w is bounded on L p (H n ),  ≤ p ≤ ∞, and on BMO(H n ).
Meanwhile, the corresponding operator norm in each case will be obtained. In Section , we will introduce a type of weighted multilinear Hardy operators and investigate the characterizations of their weights for which the weighted multilinear Hardy operators are bounded on the product of Lebesgue spaces in terms of Heisenberg group. In addition, the corresponding norms will be worked out. We will give an extension of [] and [] to the setting of the Heisenberg group H n since it is a non-commutative nilpotent Lie group with the underlying manifold R n × R, in which geometric motions are different from the Euclidean space R n due to the loss of interchangeability. A new special function for the sufficient part of BMO bounds will be constructed.
Bounds for weighted Hardy operators on
Proof Since the case p = ∞ is trivial, it suffices to consider  ≤ p < ∞. Suppose (.) holds. By Minkowski's inequality, we have
Now, for any ε > , take
, and
Putting  < ε < , then by (.), we can see that
By the change of variable
This implies that
Letting ε approach to , we have
This completes the proof.
On the Heisenberg group, the weighted Hardy operator can also turn into the ndimensional Hardy operator, see [, ] .
Proposition . If f is a radial function and w(t)
is the Hardy operator on the Heisenberg group.
Proof In fact, if f is a radial function, then
By Theorem ., we can get the following result.
Theorem . Let w : [, ] → (, ∞) be a function. Then H w is bounded on BMO(H n ) if and only if
  w(t) dt < ∞. (  .  )
Moreover, if (.) holds, then
H w BMO(H n )→BMO(H n ) =   w(t) dt.
Proof For each t >  and ball B(x
Suppose (.) holds. Let f ∈ BMO(H n ) and let B be a ball. Then by Fubini's theorem, we
which implies that H w is bounded on BMO(H n ).
Moreover, when (.) holds, then (.) and (.) imply that
Corollary . Denote
Then H is bounded on BMO(H n ) and 
be an integrable function. The weighted multilinear Hardy operator
where The proof of the theorem in Section  is immediate from the proof of Section  and Section .
